ABSTRACT. In this paper we prove:
Introduction.
Products of group varieties were investigated in H. Neumann [10] . Products of varieties for arbitrary algebras were introduced in A. I. Mal'cev [9] . We started in [6] to investigate products of lattice varieties.
Let X and Y be classes of lattices closed under isomorphism. The product of X and Y, X o Y, is the class of all lattices L such that there exists a congruence relation 0 on L with the following two properties: (i) every congruence class of 0, as a lattice, is in X; (ii) L/Q is in Y.
In this paper we prove:
THEOREM. Let V and W be nontrivial lattice varieties. If L G V o W, then
there is a subdirectly irreducible S G V o W containing L as a sublattice. Moreover, if L is finite, S can also be chosen to be finite. This is a very strong property. Previously, L (the variety of all lattices) was the only nontrivial lattice variety known to have this property.
A class X of algebras in which every algebra can be embedded into a subdirectly irreducible member of X is sometimes called "subdirectly complete" or "having sufficiently many subdirectly irreducibles." Thus, the Theorem states that if V and W are nontrivial lattice varieties, then V o W is subdirectly complete (V o W has sufficiently many subdirectly irreducibles).
The Theorem has several consequences. Henceforth, D denotes the variety of distributive lattices and T the trivial variety of one-element lattices. In [5] , we gave an alternative proof of Corollary 3. The proof in [5] also depends on the construction of a subdirectly irreducible lattice.
In §2, we review the concept of a "complete construction scheme" from [6] . We outline the proof of the Theorem in §3. We give in §4 the complete construction scheme for the subdirectly irreducible lattice of the Theorem. The Theorem is proved in §5, and the corollaries in §6.
2. Complete construction scheme. In [6] , we developed a method for constructing a lattice and a congruence relation on the lattice from a family of complete lattices. We shall construct the subdirectly irreducible lattice of the Theorem in §3 using this method.
A complete construction scheme, S, consists of a lattice K (the frame); a family La, a G K, of complete lattices (the building blocks); the maps /";,: La -► Lb (the construction maps) for a,b G K, a < b, satisfying for a, b, c G K, a < b < c, (Cl) faa is the identity map on La, (C2) fab is a complete join-homomorphism, (C3) fab fbe = facGiven a complete construction scheme, S, we define the sum of S, L, as follows.
L is the disjoint union of the La, a G K. We partially order L by the rule: (P) for x G La and y G Lb, x < y iff a < b and xfab < y- We define a complete construction scheme with frame K x C3 as follows (see Figure 1) . On the lowest level (i.e., on K x {0}), the blocks are the blocks of 0 with a new zero; the maps are the maps in L. On the middle level, each block is a complete Boolean lattice B such that L has a join-embedding <p into B preserving all existing complete joins. The maps from the lowest level to the middle level are induced by <p. On the upper level, we put C2.
The sum S of this complete construction scheme is the subdirectly irreducible lattice in V o W containing L.
The construction.
Let L be a lattice, and let 0 be a congruence relation on L. Let K = L/Q, and for a G K, let La denote the corresponding congruence Let B be the complete Boolean lattice of all subsets of L U {7,6} (7,6 £ L, 75ÍÍ). We define a map <p: 2-tflby x<p = {L-[x))U{%6}.
It is well known (and trivial) that ip preserves all existing nonempty finite and infinite joins in L.
Let Cz = {0,1,2} be the 3-element chain. For every (a,i) G K x C3, we define a lattice S(a¿) as follows: Observe that all the maps we have defined map zero, and only the zero, to zero. Now we verify that from the S(a,i) and the maps defined above we can put together a complete construction scheme. First, the building blocks must be complete. CLAIM 1. For (a,i) G K x C3, S(a>i) is a complete lattice. PROOF. This holds by assumption for i -0; it is trivial for i = 1 and 2.
Next we verify that the maps we have defined satisfy (C2). We can summarize the results of this section as follows: the complete lattices S{a,i) (a G K, i G C3) with the maps f(a,i),(b,j) ((o,i) < {b,j)) form a complete construction scheme.
Proof of the Theorem.
We shall actually prove a slightly more general version of the main result.
THEOREM. Let Y be a nontrivial variety of lattices, and let W be a class of lattices closed under finite direct products and containing C3. Then V o W is subdirectly complete.
PROOF. By the Embedding Theorem ( §2 of [6] ), every member of V o W can be embedded into a lattice L with a congruence relation 0 satisfying (a) every congruence class of 0 is a complete lattice in V, and (b) L/Q G W. Now we define K = L/Q and La, a G K, as in the previous section and construct the lattices S(a,i)i (<M) G K x C3, S (the sum of the complete construction scheme), and the congruence relation $ on S. The next two claims verify that SgVoW. Finally, observe that if x < y, then there must be elements xi,3/i satisfying x < xi < t/i < j/ and one of Case 1 to Case 6. Therefore, 0(x, y) > 3>.
This completes the proof of the Theorem.
6. Proof of the corollaries. Let Z, V, and W be given as in Corollary 1. Let K be the free lattice on N0 generators over Z. By the Theorem, K can be embedded into a subdirectly irreducible lattice L of Z. Obviously, L generates Z. By Jónsson's Lemma (see [8 or 3] ), Z is join irreducible.
Corollary 2 is immediate from Corollary 1 by a result of [7] ; there are continu- A similar argument gives X = L.
Finally, if X and Y are incomparable, then we conclude that X o Y is a join reducible variety, contradicting Corollary 1.
